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Abstract

We obtain Lp → Lq-estimates for the potential operator Kα
a in Rn with

a radial kernel of the form a(|t|)ei|t|/|t|n−α, 0 < α < n, where a(∞) 6= 0
and the characteristic a(r), is sufficiently smooth in some neighborhood
of infinity and locally satisfies some general assumptions. In particular,
a(r) may have power singularities. We construct some convex sets on the
(1/p, 1/q)-plane for which the operator Kα

a is bounded from Lp into Lq, as
well as the domains where Kα

a is not bounded.
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1. Introduction

We give the Lp → Lq-estimates for the potential–type operator

(Kα
a ϕ)(x) =

∫

Rn

a(|t|)ei|t|
|t|n−α ϕ(x− t) dt, 0 < α < n, a(∞) 6= 0. (1.1)

∗ This paper has been partially supported by Russian Fund of Funda-
mental Investigations under Grant No. 00–01–00046 a.
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The characteristic a(r) is assumed to be sufficiently smooth in some neigh-
borhood of infinity (for r > A) and locally satisfies some general assump-
tions. Namely,

mes
{
t : |kα,0a (|t|)| > λ

} ≤ cλ− n
n−α , λ > 0, (1.2)

where kα,0a (|t|) = χA(t)a(|t|)ei|t|/|t|n−α, χA(t) being the characteristic func-
tion of the ball |t| ≤ A. Condition (1.2) covers, in particular, characteristics
a(r) with power singularities at some points r1, . . . , rm of orders βk − 1,
where βk ≥ α/n, 1 ≤ k ≤ m.

We construct some convex sets on the (1/p, 1/q)-plane for which Kα
a is

bounded from Lp into Lq as well as the domains, where Kα
a is not bounded.

In some cases we precisely construct the L-characteristic L(Kα
a ) of the op-

erator Kα
a .

In the case, when 0 < βk0 < α/n for some k0, the condition (1.2) is
violated. This fact essentially influences on the picture of boundedness of
the operator Kα

a . To illustrate this effect, we consider a characteristic of
the form

a(r) = b(r) + χ(r)d(r)(1− r + i0)β−1, 0 < β < 1, (1.3)

where b(r) satisfies (1.2), d(r) ∈ Cm(1/2, 3/2), m ≥ max{3, [n/2] + 1} and
d(1) 6= 0, χ(r) is the characteristic function of the interval (1/2, 3/2). We
show, that the sets L(Kα

a ) and L(Kα
b ) may essentially differ from each other

in the case β < α/n. More exactly, the set L(Kα
b ) may be considerably wider

(see Remark 2.3).
Let us justify our interest to Lp → Lq-estimates for the operator (1.1).

First, we consider the generalized Riesz potential with the kernel a(|t|)/|t|n−α,
investigated in [14] (see also the books [11], Subsection 8.5 and [12, p. xxi]),
where a(r) is in the class Cm(Ṙ

1
+), m > [α] + 1. It is easy to show, that

this potential is bounded from Lp into Lq if and only if the point (1/p, 1/q)
belongs to the interval α/n < 1/p < 1, 1/q = 1/p−α/n. In contrast to this
case, the operator (1.1) is bounded from Lp into Lq for the points (1/p, 1/q),
belonging to some convex sets of positive Lebesgue measure. Such an effect
is stipulated by the oscillating exponent in the kernel of this operator.

On the other hand, this interest is caused by usage of Lp → Lq-estimates
in problems of inversion and characterization of potentials (1.1) with den-
sities in Lp. Such an application will be given in another paper. Here we
only refer to the surveying paper [8] (see also [6]) for the case of fractional
Strichartz potentials and their modifications. (These potentials are close to
the operators (1.1) in the sense that their kernels have singularities on a
sphere.)
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We note that the investigations on the Lp → Lq-estimates for potentials
with oscillating kernels are at the very beginning. Here we can mention
only two cases of “specific”oscillation, generated by the Bessel function (the
Bochner–Riesz operators, see [1]), the Hankel function (the acoustic poten-
tials, see [7]), and the case when a(r) ≡ 1 in (1.1) (see [9], [8]). We also note
that there are several papers on the Lp-estimates for the Bochner–Riesz op-
erator, which gave rise to further investigations of potentials with oscillating
kernels (we refer to the book [16], Ch. 9, § 6 for surveying the results of
these papers).

The paper is organized as follows. In Section 2 we formulate our main
results (Theorems 2.1 and 2.2) and give some comments to them. Section 3
contains the necessary preliminaries. In Section 4 we prove some auxiliary
statement. Section 5 is devoted to the proof of Theorems 2.1 and 2.2.

2. The main results and some comments

We use the following notation to formulate our main results:

a = 1− α
n , b = 2n+α(n−1)

n(n+1) , d = α+1
n+1 ,

e = 1− (n−α)(n−1)
n(n+3) , k = n+3

2(n+1) ,

A′ = (1− a, 0), B′ = (1− a, 1− b), C ′ = (1− k, 1− k),

G′ = (1− a, 1− e), H ′ = (1− a, 1− a), A = (1, a), B = (b, a),

C = (k, k), G = (e, a), H = (a, a),

D = (d, 1 − d), O′ = (0, 0), O = (1, 1), E = (1, 0), F =
(1/2, 1/2);

(A,B,C, . . . ,K) is an open polygon with the vertices at the points
A,B,C, . . . ,K;

[A,B,C, . . . ,K] is its closure.
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We introduce the sets:

L1(α, n) =





(A′, G′, D,G,A,E) ∪ (A′, E) ∪ (A,E] ∪ {D},
n ≥ 3, n−1

2 < α < n ,

(A′, G′, G,A,E) ∪ (A′, E) ∪ (A,E],

n ≥ 3, n(n−1)
2(n+1) ≤ α < n−1

2 ,

(A′, G′, F,G,A,E) ∪ (A′, E) ∪ (A,E],
n ≥ 3, α = n−1

2 ,

[A′, C ′, C,A,E] \ ({A′} ∪ {A}),
n > 3, n−1

4 ≤ α < n(n−1)
2(n+1) ,

[A′,H ′,H,A,E] \ ([A′,H ′] ∪ [A,H]),
n = 2, 0 < α < 1/2, or n = 3, 0 < α < 3/4 ,

or n > 3, 0 < α < n−1
4 ,

(A′, B′, B,A,E) ∪ (A′, E) ∪ (A,E] ∪ {D},
n = 2, 1/2 < α < 2 ,

(A′, B′, B,A,E) ∪ (A′, E) ∪ (A,E],
n = 2, α = 1/2 ;

L2(α, n) =




L1(α, n) ∪ (F,G,G′) ∪ (G′, G) ∪ {F}, if α ∈

[
n(n−1)
2(n+1) ,

n−1
2

)

L1(α, n), if α /∈
[
n(n−1)
2(n+1) ,

n−1
2

)

(see Pictures 1 and 2).

It is easily verified that

L2(α, n) ⊂ L2(α− 1, n), 1 < α < n. (2.1)

By L(A) we denote the L-characteristic of the operator A, that is, the
set of all pairs (1/p, 1/q) for which A is bounded from Lp into Lq.

Let a(r) be such that:
1) the function a∗(r) = a(r−1), r > 0, a∗(0) = lim

r→0
a(r−1) is continuously

differentiable up to the order [α]+2 on the interval [0, A−1) for some A > 0,
and a∗(0) = a(∞) 6= 0;

2) the condition (1.2) is fulfilled.
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The case of such characteristics is covered by the following theorem.

Theorem 2.1. Let 0 < α < n and a(r) satisfy conditions 1) and 2).
I. The imbedding

L(Kα
a ) ⊃ (L2(α, n) \ [A′, A,E]) ∪ (A′, A) (2.2)

is valid.
II. The set L(Kα

a ) does not contain the points lying:

1) on the segment [A,H] and above it;

2) on the segment [A′,H ′] and to the left of it;

3) above the straight line B′B, if (n− 1)/2 < α < n;

4) on the segment [O′, O], if α = (n− 1)/2;

5) below the straight line A′A in the case, when a(r) stabilizes at the
origin as a Hölder function, that is,

|a(r)− a(0)| ≤ c · rλ, 0 < r < η < A, (2.3)

for some λ > 0.

Remark 2.1. We observe that

L(Kα
a ) = (L2(α, n) \ [A′, A,E]) ∪ (A′, A), if n = 2 and 0 < α ≤ 1/2,

or n = 3 and 0 < α < 3/4, or n > 3 and 0 < α < (n− 1)/4.

We consider below a characteristic of the form (1.3), where b(r) satisfies
the assumptions of Theorem 2.1.

As is easily seen, the condition (1.2) holds for a(r), if α/n ≤ β < 1.
Therefore, the statements of Theorem 2.1 are valid for the operator Kα

a .
This condition is violated if 0 < β < α/n (see Remark 5.1). In the last case
the sets L(Kα

a ) and L(Kα
b ) may essentially differ from each other. This

is seen from the next theorem, which provides Lp → Lq-estimates for the
operator Kα

a , where a(r) has the form (1.3) (see also Pictures 1-4). We
denote

T ′ = (β, 0), T = (1, 1− β), P ′ =
(
n+ 2β − 1
n+ 1

, 0
)
,

P =
(

1,
2(1 + β)
n+ 1

)
, M =

(
n+ β

n+ 1
,
1− β
n+ 1

)
,
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Ω(α, β, n) =
((
L2(α, n) ∩

(
[O′, O, T,M, T ′] \ ({T ′} ∪ {T})

))
\

\ [A′, A,E]
)
∪ (A′, A).

Theorem 2.2. Let 0 < α < n, 0 < β < α/n.

I. The imbedding

L(Kα
a ) ⊃ Ω(α, β, n)

is valid.

II. The set Kα
a does not contain the points lying:

1) on the segment [A,H] and above it;

2) on the segment [A′, H ′] and to the left of it;

3) above the straight line B′B, if (n− 1)/2 < α < n, β ≥ α+ 1− n (for
α ≤ n− 1 this inequality is valid for every β, 0 < β < α/n);

4) below the straight lines MT and MT ′, if 0 < α < n, β > α+ 1− n;

5) below the straight line A′A, when b(r) satisfies (2.3), if 0 < α < n,
β ≥ α+ 1− n;

6) outside the interval (B′, B), if n− 1 < α < n, β = α+ 1− n;

7) on the straight line P ′P and above it and also on the straight lines
B′B, A′A and between them, if n− 1 < α < n, β < α+ 1− n;

8) on the segment [O′, O], if α = (n− 1)/2.

Remark 2.2. We observe that L(Kα
a ) = Ω(α, β, n), if n = 2 and

0 < α ≤ 1/2 or n = 3 and 0 < α < 3/4, or n > 3 and 0 < α < (n− 1)/4.

Remark 2.3. Here we give two examples of essential differences be-
tween L(Kα

a ) and L(Kα
b ).

1. Let n− 1 < α < n, β = α+ 1− n. As is seen from the statements I
and II (item 6)), the set L(Kα

a ) contains the point D and does not contain
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the points of the set V = (D,G′, A′, A,G)∪(A′, A), while V ∪{D} ⊂ L(Kα
b )

(see Picture 3).

2. Let n − 1 < α < n, 0 < β < α + 1 − n. In accordance with the
statement II (item 7)), L(Kα

a ) does not contain the set V ∪ {D}, while this
set is imbedded into L(Kα

b ) (see Picture 4). Moreover,

L(Kα
a ) ∩ L(Kα

b ) = ∅,
if b(r) satisfies (2.3).

3. Preliminaries

3.1. Notation: Sn−1 is the unit sphere in Rn; Lp = Lp(Rn); ‖f‖p =

‖f‖Lp ; (Ff)(ξ) =
∫

Rn
f(x)eiξx dx is the Fourier transform of a function

f ; S is the Schwartz class of rapidly decreasing smooth functions; R0 =
{ϕ : ϕ = Ff, f ∈ L1} is the Wiener ring. Following [3], we denote by
Lqp the space of distributions k ∈ S′ such that ‖k ∗ f‖q ≤ C‖f‖p, f ∈ S,
the constant C > 0 not depending on f ; the Fourier dual space F (Lqp) is
denoted by M q

p . The end of proof is denoted by 2.
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3.2. Lp → Lq-estimates for the operator (1.1) in the model case
a(r) ≡ 1.

In the case a(r) ≡ 1 we write Kα
a ≡ Kα.

Theorem 3.1. (see [9]; [8], Theorem 3.1) Let 0 < α < n.

I. The imbedding

L(Kα) ⊃ (L1(α, n) \ [A′, A,E]) ∪ (A′, A)

is valid.

II. The set L(Kα) does not contain the points lying:

1) on the segment [A,H] and above it;

2) on the segment [A′, H ′] and to the left of it;

3) above the straight line B′B in the case (n− 1)/2 < α < n;

4) below the straight line A′A

(see Pictures 1 and 2).
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3.3. On some oscillating p→ q-multipliers.

Let m±b (ξ) = u(|ξ|2)|ξ|−be±i|ξ|, b > 0, where u(r) ∈ C∞(R1
+), 0 ≤ u(r) ≤

1, u(r) = 0 for r ≤ 1 and u(r) = 1 for r ≥ 2.

Theorem 3.2. ([5]) The following relations are valid:

1) m±b ∈M q
p , p ≤ q if and only if 1/p+1/q ≤ 1, 1/p−n/q ≤ b−(n−1)/2

or 1/p+ 1/q ≥ 1, n/p− 1/q ≤ b+ (n− 1)/2;

2) m±b ∈M q
1 , 1 < q <∞ if and only if b− (n+ 1)/2 > −1/q;

3) m±b ∈M∞p , 1 < p <∞ if and only if 1/p < b− (n− 1)/2;

4) m±b ∈M∞1 if and only if b > (n+ 1)/2.

3.4. Uniform asymptotic expansion for the Bessel function
Jν(z).

Let Ω = {z ∈ C : |z| > η, | arg z| < θ}, where η > 0 and θ ∈ (0, π/2).
Representing Jν(z) as a linear combination of the Hankel functions H(1)

±ν (z)
and H

(2)
±ν (z) (we take +ν if ν > −1/2 and −ν otherwise) and applying the

results of [17, p. 220], we arrive at the equality

Jν(z) =
(πz

2

)−1/2
[
e−iz

(
N∑

m=0

C
(ν)
m,−z

−m +R
(ν)
N,−(z)

)
+

+eiz
(

N∑

m=0

C
(ν)
m,+z

−m +R
(ν)
N,+(z)

)]
,

(3.1)

where C(ν)
0,± = 1

2e
∓(iπ/4)(2ν+1).

Remark 3.1. The remaindersR(ν)
N,±(z) are analytic in Ω andR(ν)

N,±(z) =

O(|z|−N−1), as |z| → ∞ and (d/dz)jR(ν)
N,±(z) = O(|z|−N−1−j), |z| → ∞ in

any closed sector Ω0 ⊂ Ω (see [10, p. 21].

3.5. Asymptotic expansion of certain integrals, containing an
oscillating exponent.

Direct analysis of the proof of the Erdélyi lemma given in [2, p. 95]
shows that the following lemma is valid.
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Lemma 3.1. Let β > 0, f(x) ∈ Cm([0, a]), m = 2N + 1 + [β] and
f (j)(a) = 0 (j = 0, 1, . . . ,m). Then

a∫

0

xβ−1f(x)e±iλx dx =
N−1∑

k=0

a±k,βλ
−(k+β) +W±,βN (λ), (3.2)

where

a±k,β =
f (k)(0)
k!

(±i)β+kΓ(β + k) and

|(W±,βN (λ))(j)| ≤ C±,j

λN+β+j
, j = 0, 1, . . . for any λ > 1, (3.3)

the constants C±,j not depending on λ.

Corollary 3.1. Let the conditions of Lemma 3.1 be fulfilled forN = 1.
Then |ξ|β+1W±,β1 (|ξ|) ∈Mp

p , 1 < p <∞.

The statement of Corollary 3.1 is derived from (3.3) by the direct ap-
plication of the well-known Mikhlin theorem (see [15, p. 152]).

We also need the following lemma.

Let θ(s) ∈ C∞(R1
+) be such that 0 ≤ θ(s) ≤ 1, θ(s) = 0, if s ≤ 1 and

θ(s) = 1, if s ≥ 2.

Lemma 3.2. ([4]) Let λ ∈ C. For ε > 0, set

Jλ,ε(t) = (2π)−n
∞∫

0

θ(s)sλeist−εs ds.

Then Jλ,ε(t) converges, as ε tends to zero, uniformly in |t| ≥ δ for every
δ > 0, and the resulting function Jλ(t) = lim

ε→0
Jλ,ε(t) has the following

estimates:

Jλ(t) =
{
Aλ(t+ i0)−λ−1 + J̃λ(t), λ 6= −1,−2, . . . ,
A′λt

−λ−1 +A′′λt
−λ−1 ln(t+ i0) + J̃λ(t), λ = −1,−2, . . . ,

where J̃λ(t) is smooth on R and Aλ, A′λ and A′′λ are constants depending only

on λ

(
Aλ = (2π)−ne

iπ
2

(1+λ)Γ(1+λ), A′λ = (2π)−n
ψ(−λ) + iπ/2

(−λ− 1)!
e
iπ
2

(−λ−1),

A′′λ = −(2π)−n
e
iπ
2

(−λ−1)

(−λ− 1)!
, ψ(z) =

Γ′(z)
Γ(z)

)
and

Jλ(t) = O(|t|−M ) as t→∞ for every M > 0.
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We note, that Lemma 3.2 provides the asymptotic behaviour of Jλ(t),
as t→ 0.

4. Some auxiliary statement

We need the following theorem (see also Pictures 1 and 2), providing
Lp → Lq-estimates for the operator

(Sαϕ)(x) =
∫

|t|>A

ei|t|

|t|n−αϕ(x− t) dt. (4.1)

Theorem 4.1. Let 0 < α < n.

I. The imbedding
L(Sα) ⊃ L2(α, n). (4.2)

is valid.
II. The set L(Sα) does not contain the points, lying:

1) on the segment [A,H] and above it;

2) on the segment [A′,H ′] and to the left of it;

3) above the straight line B′B in the case (n− 1)/2 < α < n;

4) on the segment [O′, O], if α = (n− 1)/2.

P r o o f. In the case α 6∈
[
n(n−1)
2(n+1) ,

n−1
2

)
, the imbedding (4.2) follows

from Theorem 3.1 due to the following facts:

1) As is easily seen, the L-characteristic of the operator

(Hαϕ)(x) =
∫

|t|<A

ei|t|

|t|n−αϕ(x− t) dt,

has the form
L(Hα) = [O′, A′, A,O] \ ({A′} ∪ {A}).

2) The kernel of Sα belongs to Lq for all q > n/(n− α).

Passing to the case α ∈
[
n(n−1)
2(n+1) ,

n−1
2

)
, we prove first that Sα is bounded

in L2 for α < (n − 1)/2. With the aid of Lemma 3.2 it is not difficult to



Lp → Lq-ESTIMATES FOR SOME POTENTIAL-TYPE . . . 143

obtain the following representation for the symbol mα(|ξ|) of the operator
Sα in some neighbourhood of the unit sphere:

mα(|ξ|) = Cα(1− |ξ|+ i0)
n−1

2
−α + U(|ξ|), if α− n+ 1

2
6= −1,−2, . . . ,

mα(|ξ|) = C ′α(1− |ξ|)n−1
2
−α + C ′′α(1− |ξ|)n−1

2
−α ln(1− |ξ|+ i0)+

+V (|ξ|), if α− n+ 1
2

= −1,−2, . . . ,

(4.3)
where U(|ξ|)(V (|ξ|)) = o(|1− |ξ||n−1

2
−α), as |ξ| → 1,

Cα = (2π)−ne
iπ
2 (α−n−1

2 )Γ
(
α− n− 1

2

)
,

C ′α = (2π)−n
ψ
(
n+1

2 − α
)

+ iπ2(
n−1

2 − α
)
!

e
iπ
2 (n−1

2
−α),

C ′′α = −(2π)−n
e
iπ
2 (n−1

2
−α)

(
n−1

2 − α
)
!
.

Moreover, mα(|ξ|) is bounded outside of the mentioned neighbourhood.
From here we derive that mα ∈M2

2 , hence, Sα is bounded in L2. Applying

the convexity arguments, we arrive at (4.2) in the case α ∈
[
n(n−1)
2(n+1) ,

n−1
2

)
.

Let us prove the statement II. To prove 1) we consider the characteristic
function χ̃(y) of the ball |y| < 1/10; χ̃(y) ∈ Lp, 1 ≤ p ≤ ∞. Evaluating the
integral

(Sαχ̃)(x) =
∫

|t|<1/10

ei|x−t|

|x− t|n−α dt,

it is easy to show that |(Sαχ̃)(x)| ≥ C
|x|n−α , as |x| → ∞. Hence, Sαχ̃ 6∈ L n

n−α
.

This means that the points of the segment [A,H] do not belong to L(Sα).
By convexity arguments we obtain 1). Then 2) follows from 1) by duality.

The statement 3) follows from the correspondent statement of Theo-
rem 3.1.

Since the operator S
n−1

2 is not bounded in L2, because mn−1
2
6∈M2

2 (as
is seen from (4.3)), we obtain 4).
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5. Proof of the main results

5.1. Proof of Theorem 2.1.

We represent the potential Kα
a ϕ as follows

(Kα
a ϕ)(x) =



∫

|t|<A

+
∫

|t|>A


 a(|t|)ei|t|
|t|n−α ϕ(x− t) dt

≡ (Kα,0
a ϕ)(x) + (Kα,∞

a ϕ)(x).

(5.1)

The proof will be based on (5.1) and the following lemmas.

Lemma 5.1. The imbedding

L(Kα,0
a ) ⊃ [O′, O,A,A′] \ ({A′} ∪ {A}) (5.2)

is valid. Besides this, the set L(Kα,0
a ) does not contain the points of the set

[A′, A,E] \ (A′, A), if a(r) satisfies the condition (2.3).

P r o o f. It is evident that the kernel kα,0a (|t|) of the operator Kα,0
a

belongs to L1. Indeed,

‖kα,0a ‖1 =

∞∫

0

λ
kα,0a

(t) dt ≤ C +

∞∫

1

dt

tn/(n−α)
<∞.

Therefore, Kα,0
a is bounded in Lp, 1 ≤ p ≤ ∞.

On the other hand, the statement of Sobolev theorem is valid for Kα,0
a .

Namely, this operator is bounded from Lp into Lq, 1 < p < n/α, q =
np/(n − αp) and weakly bounded from L1 into L n

n−α
(see [15], the remark

on the page 142). Hence (5.2) follows.

To prove the second statement of lemma, we represent the kernel kα,0a (|ξ|)
as

kα,0a (|ξ|) = χA(|t|)a(|t|)(ei|t| − 1)
|t|n−α + χA(|t|)a(|t|)− a(0)

|t|n−α +
a(0)
|t|n−α

+a(0)
χA(|t|)− 1
|t|n−α ≡ kα,0a,1 (|t|) + kα,0a,2 (|t|) + kα,0a,3 (|t|) + kα,0a,4 (|t|).

Applying the Sobolev theorem, we obtain that the kernels kα,0a,1 and kα,0a,2

belong to Lqp in some trapezium, containing the set [O′, O,A,A′]. Moreover,
kα,0a,4 ∈ Lqp if (1/p, 1/q) ∈ [A′, A,E]\({A′}∪{A}). Since kα,0a,3 ∈ Lqp if and only
if (1/p, 1/q) ∈ (A′, A), we obtain that the points, lying below the straight
line A′A, do not belong to L(Kα,0

a ).
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To arrive at the relation {A} 6∈ L(Kα,0
a ), we only have to apply Theo-

rem 3.3 from [5] to the kernel kα,0a,3 (|t|) + kα,0a,4 (|t|). Then {A′} 6∈ L(Kα,0
a ) by

duality.

Remark 5.1. We note that condition (1.2) is violated for the charac-
teristic (1.3), if 0 < β < α/n. Indeed, kα,0a ∈ Lq1, 1 ≤ q < n/(n − α) by
Lemma 5.1. On the other hand, the application of Theorem 3.3 from [5]
yields kα,0a /∈ Lq1, if 1/(1− β) < q < n/(n− α); we obtain a contradiction.

Lemma 5.2. The imbedding

L(Kα,∞
a ) ⊃ L2(α, n), 0 < α < n (5.3)

is valid.

P r o o f. First, let α 6= 1, 2, . . . Applying the Taylor formula, we have

a(r) =
m−1∑

k=0

(a∗)(k)(0)
k!rk

+Rm(1/r), r > A, m = [α] + 1.

Correspondingly, Kα,∞
a ϕ can be represented as follows

(Kα,∞
a ϕ)(x) =

m−1∑

k=0

(a∗)(k)(0)
k!

(Sα−kϕ)(x) + (Tαmϕ)(x), (5.4)

where Sα−k were defined in (4.1) and

(Tαmϕ)(x) =
∫

|t|>A

ei|t|Rm(1/|t|)
|t|n−α ϕ(x− t) dt.

Since L(Tαm) = [O′, O,E] (the kernel of Tαm is bounded and belongs to
L1), the imbedding (5.3) follows from (4.2) for 0 < α < 1. In the case α > 1
we also have (5.3) by virtue of (2.1) and (4.2).

Let α = `, ` = 1, . . . , n− 1, then

(K`,∞
a ϕ)(x) =

`−1∑

k=0

(a∗)(k)(0)
k!

(S`−kϕ)(x) +
(a∗)(`)(0)

`!
(S0ϕ)(x) + (T`+1ϕ)(x).

(5.5)
Imbedding (4.2) yields,

L2(`− k, n) ⊂ L(S`−k), 0 ≤ k ≤ `− 1. (5.6)
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We also note that
L(T ``+1) = [O′, O,E]. (5.7)

Besides this, the operator

(S0ϕ)(x) =
∫

|t|>A

ei|t|ϕ(x− t)
|t|n dt

is bounded from L1 into Lq, 1 < q ≤ ∞. Moreover, it is bounded in Lp,
1 < p <∞ (see [16, p. 394]). Interpolating, we obtain that

L(S0) ⊃ [O,O′, E] \ ({O′} ∪ {O}). (5.8)

From (5.6)–(5.8) we obtain (5.3).

Let us p r o v e T h e o r e m 2.1. In view of (5.1), the validity of (2.2)
follows from Lemmas 5.1 and 5.2.

Passing to the proof of part II, we note that the statements 1) and 3)
follow from the corresponding results of Theorem 4.1 in view of (5.4) and
(5.5). Then 2) follows from 1) by duality.

To prove 4), we only have to note that the operator S
n−1

2 is not bounded
in L2, as is seen from (4.3), while all the other operators on the right–hand
sides of (5.4) and (5.5) are bounded in this space.

Finally, 5) follows from the second statement of Lemma 5.1, since the
points, lying below the straight line A′A, belong to L(Kα,∞

a ).

5.2. Proof of Theorem 5.2.

The proof is essentially based on the fact that we succeeded to construct
the L-characteristic of the operator Mβ

u with the kernel

χ(|t|)u(|t|)(1− |t|2 + i0)β−1, 0 < β < 1,

where u(r) = d(r)eir/rn−α, d(r) and χ(r) were described above (after equal-
ity (1.3)).

Denote
Λ(β, n) = [O′, O, T,M, T ′] \ ({T ′} ∪ {T}).

The following lemma plays a crucial role in the proof of Theorem 2.2.

Lemma 5.3. Let 0 < β < 1. Then

L(Mβ
u ) = Λ(β, n).



Lp → Lq-ESTIMATES FOR SOME POTENTIAL-TYPE . . . 147

P r o o f. We have

(Mβ
uϕ)(x) =




∫

1/2<|t|<1

+
∫

1<|t|<3/2


u(|t|)(1− |t|+ i0)β−1ϕ(x− t) dt

≡ (Mβ,1
u ϕ)(x) + (Mβ,2

u ϕ)(x).

The symbol of the operator Mβ,1
u can be written in the form

m1
β,u(ξ) =

1∫

1/2

ρn−1(1− ρ)β−1u(ρ) dρ
∫

Sn−1

eiρ(ξ·σ) dσ.

Consider the correspondent multiplier operator

(Nβ,1
u ϕ)(x) = (2π)−n

∫

Rn

m1
β,u(ξ)ϕ̂(ξ)e−ix·ξ dξ, ϕ ∈ S.

Evidently,
(Mβ,1

u ϕ)(x) = (Nβ,1
u ϕ)(x), (5.9)

ϕ ∈ S. We prove that
Λ1(β, n) ⊂ L(Nβ,1

u ), (5.10)

where
Λ1(β, n) = Λ(β, n) \ ({O′} ∪ {O})

(the imbedding (5.10) means, that the operator Mβ,1
u can be extended to a

bounded operator from Lp into Lq, if (1/p, 1/q) ∈ Λ1(β, n)).
Let v(r) ∈ C∞(R1

+) be such that v(r) = 0, if r ≤ 1, v(r) = 1, if r ≥ 2
and 0 ≤ v(r) ≤ 1. Then

m1
β,u(ξ) = (1− v(|ξ|2))m1

β,u(ξ) + v(|ξ|2)m1
β,u(ξ) ≡ m1,0

β,u(ξ) +m1,∞
β,u (ξ).

It is evident that m1,0
β,u(ξ) ∈ M q

p , 1 ≤ p ≤ q ≤ ∞; consider m1,∞
β,u (ξ). The

application of formula (25.13) from [12, p. 485] yields

m1,∞
β,u (ξ) =

(2π)n/2v(|ξ|2)

|ξ|n−2
2

1∫

1/2

ρn/2(1− ρ)β−1u(ρ)Jn−2
2

(ρ|ξ|) dρ.

Making use of formula (3.1) with



148 D.N. Karasev

N =
[
n+1

2

]
+ 2, we obtain

m1,∞
β,u (ξ) =

N∑

k=0

(hβ,k,−1 (|ξ|) + hβ,k,+1 (|ξ|)) +Rβ,N,−1 (|ξ|) +Rβ,N,+1 (|ξ|), (5.11)

where

hβ,k,±1 (|ξ|) =
γk,±v(|ξ|2)

|ξ|n−1
2

+k

1∫

1/2

(1− ρ)β−1ρ
n−1

2
−ku(ρ)e±iρ|ξ| dρ,

0 ≤ k ≤ N, γ0,± = (2π)
n−1

2 e∓
iπ
4

(n−1),

Rβ,N,±1 (|ξ|) =
γN+1,±v(|ξ|2)

|ξ|n−1
2

1∫

1/2

(1− ρ)β−1ρ
n−1

2 u(ρ)e±iρ|ξ|R(n−2
2 )

N,± (ρ|ξ|) dρ.

The application of Theorem 8.2 from [13] yieldsRβ,N,±1 (|ξ|) ∈ R0. Moreover,
Rβ,N,±1 (|ξ|) ∈ L1, hence, Rβ,N,±1 ∈M q

p , 1 ≤ p ≤ q ≤ ∞.
Consider hβ,0,±1 (|ξ|). After the change of variable 1− ρ = τ , we have

hβ,0,±1 (|ξ|) =
γ0,±e±i|ξ|v(|ξ|2)

|ξ|n−1
2

1/2∫

0

τβ−1(1− τ)
n−1

2 u(1− τ)e∓i|ξ|τ dτ.

Let ω(r) ∈ C∞(R1
+) be such that 0 ≤ ω(r) ≤ 1, ω(r) = 0, if r > 1/2 and

ω(r) = 1, if r < 1/4. Then hβ,0,±1 (|ξ|) can be represented as follows

hβ,0,±1 (|ξ|) = hβ,0,±1,1 (|ξ|) + hβ,01,2 (|ξ|), (5.12)

where

hβ,0,±1,1 (|ξ|) =
γ0,±e±i|ξ|v(|ξ|2)

|ξ|n−1
2

1/2∫

0

τβ−1(1− τ)
n−1

2 u(1− τ)e∓i|ξ|τ (1− ω(τ)) dτ,

(5.13)

hβ,0,±1,2 (|ξ|) =
γ0,±e±i|ξ|v(|ξ|2)

|ξ|n−1
2

1/2∫

0

τβ−1(1− τ)
n−1

2 u(1− τ)e∓i|ξ|τω(τ) dτ.

(5.14)
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We rewrite (5.14) in the form

hβ,0,±1,2 (|ξ|) = K±(|ξ|)γ0,±v(|ξ|2)e±i|ξ|

|ξ|n−1
2

+β
, (5.15)

where

K±(|ξ|) = |ξ|β
1/2∫

0

τβ−1(1− τ)
n−1

2 u(1− τ)e∓i|ξ|τχ(τ) dτ.

The second factor in the right-hand side of (5.15) belongs toM q
p , if (1/p, 1/q) ∈

Λ(β, n), in accordance with Theorem 3.2. Moreover, K±(|ξ|) ∈Mp
p , 1 < p <

∞ by the Mikhlin theorem. Then hβ,0,±1,2 (|ξ|) ∈M q
p , if (1/p, 1/q) ∈ Λ1(β, n).

As regards multiplier (5.13), after integrating by parts, we represent it
as a sum of the following terms:

σ±s v(|ξ|2)e±
i|ξ|
2

|ξ|n−1
2

+s
, 1 ≤ s ≤ [n/2] + 1, (5.16)

ν±v(|ξ|2)e±i|ξ|

|ξ|n−1
2

+[n2 ]+1

1/2∫

1/4

g(τ)e∓i|ξ|τ dτ, (5.17)

where g(τ) = (τβ−1(1 − τ)
n−1

2 u(1 − τ))([n/2]+1), σ±s and ν± being some
constants. Applying Theorem 3.2 to multiplier (5.16), we obtain that it
belongs to M q

p , if (1/p, 1/q) ∈ [O′, O,E]. As is easily verified, the function
(5.17) belongs to R0 ∩ Lp, 1 < p < ∞, hence, it is in M q

p , 1 ≤ p ≤ q ≤ ∞,
except for the case when p = 1 and q = ∞. From here we derive that
hβ,0,±1,1 ∈M q

p , if 1 ≤ p ≤ q ≤ ∞, except for the mentioned case.

Then hβ,0,±1 (|ξ|) ∈ M q
p , if (1/p, 1/q) ∈ Λ1(β, n), by (5.12). Besides

this, hβ,k,±1 (|ξ|) ∈ M q
p , if (1/p, 1/q) ∈ [O′, O,E] \ ({O′} ∪ {O} ∪ {E}) for

1 ≤ k ≤ N .
Gathering the results, obtained for the multipliers on the right–hand

side of (5.11), we have

m1,∞
β,u (|ξ|) ∈M q

p , if (1/p, 1/q) ∈ Λ1(β, n);

the imbedding (5.10) has been proved.
The equality (5.9) is extended by boundedness to the whole space Lp,

1 < p <∞, since the operators in both sides of (5.9) are bounded in Lp for
such p. Hence,
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Λ1(β, n) ⊂ L(Mβ,1
u ). (5.18)

We consider the operator Mβ,2
u . Its symbol m2

β,u(|ξ|) can be represented
in the form

m2
β,u(|ξ|) = m2,0

β,u +
N∑

k=1

(hβ,k,+2 (|ξ|) + hβ,k,−2 (|ξ|)) + hβ,0,+2,1 (|ξ|) + hβ,0,−2,1 (|ξ|)

+hβ,0,+2,2 (|ξ|) + hβ,0,−2,2 (|ξ|) +Rβ,N,+2 (|ξ|) +Rβ,N,−2 (|ξ|),

where

m2,0
β,u(|ξ|) = (v(|ξ|2)−1)eiπβ

3/2∫

1

ρn−1(ρ−1)β−1u(ρ) dρ
∫

Sn−1

eiρ(ξ·σ) dσ, (5.19)

hβ,k,±2 (|ξ|) = −eiπβ γk,±v(|ξ|2)

|ξ|n−1
2

+k

×
3/2∫

1

(ρ− 1)β−1ρ
n−1

2
−ku(ρ)e±iρ|ξ| dρ, 1 ≤ k ≤ N,

(5.20)

hβ,0,±2,1 (|ξ|) = −eiπβ γ0,±v(|ξ|2)e±i|ξ|

|ξ|n−1
2

×
1/2∫

0

τβ−1(1 + τ)
n−1

2 u(1 + τ)e±i|ξ|τ (1− ω(τ)) dτ,
(5.21)

hβ,0,±2,2 (|ξ|) = −eiπβ γ0,±v(|ξ|2)e±i|ξ|

|ξ|n−1
2

×
1/2∫

0

τβ−1(1 + τ)
n−1

2 u(1 + τ)e±i|ξ|τω(τ) dτ,
(5.22)

Rβ,N,±2 (|ξ|) = −eiπβ γN+1,±v(|ξ|2)

|ξ|n−1
2

×
3/2∫

1

(ρ− 1)β−1ρ
n−1

2 u(ρ)e±iρ|ξ|R(n−2
2 )

N,± (ρ|ξ|) dρ.
(5.23)
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Analogous consideration of multipliers (5.19)–(5.23) leads to the imbed-
ding

Λ1(β, n) ⊂ L(Nβ,2
u ),

where Nβ,2
u is the multiplier operator with the symbol m2

β,u(|ξ|). As above,
we have

Λ1(β, n) ⊂ L(Mβ,2
u ). (5.24)

From (5.18) and (5.24) and the evident relations {O′} ∈ L(Mβ
u ), {O} ∈

L(Mβ
u ) we derive that

Λ(β, n) ⊂ L(Mβ
u ). (5.25)

Let us prove sharpness of this result, that is, let us prove that

L(Mβ
u ) = Λ(β, n). (5.26)

To prove this, we have to verify that the points, lying below the straight
lines n/q = 1/p− β and 1/q = n/p− n− β + 1, as well as the points {T ′}
and {T}, do not belong to L(Nβ

u ) (hence, they do not belong to L(Mβ
u )).

Direct analysis of the proof of the imbedding

Λ1(β, n) ⊂ L(Nβ
u )

shows, that the picture of boundedness of the operator Nβ
u is determined

by the multiplier

µβ(|ξ|) = hβ,0,+1,2 (|ξ|) + hβ,0,−1,2 (|ξ|) + hβ,0,+2,2 (|ξ|) + hβ,0,−2,2 (|ξ|).
This means that µβ(|ξ|) ∈ M q

p if (1/p, 1/q) ∈ Λ1(β, n), while all other
multipliers, considered above, belong to M q

p , if (1/p, 1/q) ∈ [O′, O,E] \
({O′} ∪ {O} ∪ {E}).

Thus, it suffices to prove sharpness of the result for this multiplier.
Keeping in mind (3.2), we represent µ±β (|ξ|) ≡ hβ,0,±1,2 (|ξ|) + hβ,0,±2,2 (|ξ|) as
follows

µ±β (|ξ|) =
γ0,±v(|ξ|2)e±i|ξ|

|ξ|n−1
2

+β+1


|ξ|β+1




1/2∫

0

τβ−1f1(τ)e∓i|ξ|τ dτ −
a∓0,β
|ξ|β




− e−iπβ |ξ|β+1




1/2∫

0

τβ+1f2(τ)e±i|ξ|τ dτ −
a±0,β
|ξ|β







+ γ0,±(a∓0,β − a±0,βe−iπβ)
v(|ξ|2)e±i|ξ|

|ξ|n−1
2

+β
,

(5.27)
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where f1(τ) = (1 − τ)
n−1

2 u(1 − τ)ω(τ), f2(τ) = (1 + τ)
n−1

2 u(1 + τ)ω(τ),
a±0,β = u(1)(±i)βΓ(β) 6= 0. Applying Corollary 3.1 to the expression in
the brackets, we obtain that it belongs to Mp

p , 1 < p < ∞. Besides this,
γ±0 v(|ξ|2)e±i|ξ|/|ξ|n−1

2
+β+1 ∈ M q

p , if (1/p, 1/q) ∈ [O′, O,E] by Theorem 3.2.
Hence, the first term on the right-hand side of (5.27) is in M q

p , if (1/p, 1/q) ∈
[O′, O,E] \ ({O′} ∪ {O} ∪ {E}).

As for the second term, we note first that a−0,β−a+
0,βe

−iπβ = 0. Applying
Theorem 3.2 to the multiplier

a(β)v(|ξ|2)e−i|ξ|

|ξ|n−1
2

+β
,

where a(β) = u(1)(2π)
n−1

2 Γ(β)e−
iπ
4

(n−1)
(
e
iπβ
2 − e− 3

2
iπβ
)
6= 0, we come to

the desired conclusion.

Returning to the p r o o f o f T h e o r e m 2.2, we note that the statement
I of this theorem follows from Theorem 2.1 and Lemma 2.3.

Let us prove II. To prove 1), we may use just the same counter–example
as in the proof of corresponding statement of Theorem 4.1. Then 2) follows
from 1) by duality. As for 3)–7), they are derived from the statement II
of Theorem 2.1 (items 1)–3), 5)) and Lemma 5.3 by convexity and duality.
Finally, 8) follows from the statement II (item 4)) of Theorem 2.1 and the
fact, that the operator Mβ

u is bounded in Lp, 1 ≤ p ≤ ∞.
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