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Abstract

We obtain L, — Lg-estimates for the potential operator K in R™ with
a radial kernel of the form a(|t|)e!ltl/[t|*~®, 0 < a < n, where a(c0) # 0
and the characteristic a(r), is sufficiently smooth in some neighborhood
of infinity and locally satisfies some general assumptions. In particular,
a(r) may have power singularities. We construct some convex sets on the
(1/p,1/q)-plane for which the operator K¢ is bounded from L, into L, as
well as the domains where K¢ is not bounded.
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1. Introduction
We give the L, — Lg-estimates for the potential-type operator
o a([t])e’"
(Kgp)(z) = ng(m —t)dt, 0<a<mn, a(co)#0. (1.1)
Rn

* This paper has been partially supported by Russian Fund of Funda-
mental Investigations under Grant No. 00-01-00046 a.
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The characteristic a(r) is assumed to be sufficiently smooth in some neigh-
borhood of infinity (for » > A) and locally satisfies some general assump-
tions. Namely,

mes {t: [k&O(|t])] > A} < exTma, A >0, (1.2)

where k30 ([t]) = xa(®)a(|t]) el /|t|", y 4(t) being the characteristic func-
tion of the ball [t| < A. Condition (1.2) covers, in particular, characteristics
a(r) with power singularities at some points ri,...,r,, of orders [ — 1,
where B > a/n, 1 <k <m.

We construct some convex sets on the (1/p,1/q)-plane for which K¢ is
bounded from L, into L, as well as the domains, where K is not bounded.
In some cases we precisely construct the £-characteristic L(K') of the op-
erator K.

In the case, when 0 < (g, < a/n for some ko, the condition (1.2) is
violated. This fact essentially influences on the picture of boundedness of
the operator K. To illustrate this effect, we consider a characteristic of
the form

a(r) = b(r) + x(r)d(r)(1 —r+i0)°"L, 0<B<1, (1.3)
where b(r) satisfies (1.2), d(r) € C™(1/2,3/2), m > max{3,[n/2] + 1} and
d(1) # 0, x(r) is the characteristic function of the interval (1/2,3/2). We
show, that the sets L(K ) and L(K}') may essentially differ from each other
in the case § < «/n. More exactly, the set L(K}*) may be considerably wider
(see Remark 2.3).

Let us justify our interest to L, — Lg-estimates for the operator (1.1).
First, we consider the generalized Riesz potential with the kernel a(|t])/[t|"~¢,
investigated in [14] (see also the books [11], Subsection 8.5 and [12, p. xxi]),

where a(r) is in the class C’m(Ri), m > [a] + 1. It is easy to show, that
this potential is bounded from L, into L, if and only if the point (1/p,1/q)
belongs to the interval ao/n < 1/p <1,1/g=1/p—a/n. In contrast to this
case, the operator (1.1) is bounded from L, into L, for the points (1/p,1/q),
belonging to some convex sets of positive Lebesgue measure. Such an effect
is stipulated by the oscillating exponent in the kernel of this operator.

On the other hand, this interest is caused by usage of L, — Lg-estimates
in problems of inversion and characterization of potentials (1.1) with den-
sities in L,. Such an application will be given in another paper. Here we
only refer to the surveying paper [8] (see also [6]) for the case of fractional
Strichartz potentials and their modifications. (These potentials are close to
the operators (1.1) in the sense that their kernels have singularities on a
sphere.)
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We note that the investigations on the L, — L,-estimates for potentials
with oscillating kernels are at the very beginning. Here we can mention
only two cases of “specific”oscillation, generated by the Bessel function (the
Bochner—Riesz operators, see [1]), the Hankel function (the acoustic poten-
tials, see [7]), and the case when a(r) = 1in (1.1) (see [9], [8]). We also note
that there are several papers on the Ly-estimates for the Bochner-Riesz op-
erator, which gave rise to further investigations of potentials with oscillating
kernels (we refer to the book [16], Ch. 9, §6 for surveying the results of
these papers).

The paper is organized as follows. In Section 2 we formulate our main
results (Theorems 2.1 and 2.2) and give some comments to them. Section 3
contains the necessary preliminaries. In Section 4 we prove some auxiliary
statement. Section 5 is devoted to the proof of Theorems 2.1 and 2.2.

2. The main results and some comments

We use the following notation to formulate our main results:

_ a _ 2n+a(n—1) _ a+l
a—l—ﬁ, b—W, d_TL’
e—=1— (n—a)(n—1) k — _nt3

w3 0 N = 3D

A=(1-a0), B=(1—-al-b), C'=0—Fk1—k),
G=(1-a1l1l-¢), H=(1-a,1—a), A=(l,a), B=(ba),
C=(k,k), G=(ea), H=/a,a),

D= (d,1-d), O =(00), O=(1), E=(1,0, F=
(1/2,1/2);

(A,B,C,...,K) is an open polygon with the vertices at the points

[A,B,C,..., K] is its closure.
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We introduce the sets:
(A,G",D,G,A,E)U (A", E)U (A, E]u{D},
n >3, ”T’l<a<n,
(A,G',G,A,E)U (A',E)U (A, E],
n(n—1
n 3, 2((n+1))
(A,G',F,G,A,E)U (A", E)U (A, E],
n >3, a:”T_l ,
(A, C", C, A ET\ ({4} u{A}),
Li(a,n) = n>3 22t <a< ;L((:LL-‘T-%)) ,
(A", H',H, A, E]\ ([A", H'|U[A, H]),
n=2 0<a<l1/2 or n=3, 0<a<3/4,
or n >3, 0<oz<"Tf1 ,
(A,B',B,A,E)U (A", E)U (A, ElU{D},
n=2 12<a<2,
(A,B',B,A,E)U (A", E)U (A, E|,
n=2 a=1/2;

<a< il

Li(a,n) U (F,G,GNYU(G,G)U{F}, if ac [ggg;;;, nT*)
EQ(O[, n) = . TL(TL—l) n—1
Li(ayn), if ad [2(n+1) ; T)
(see Pictures 1 and 2).
It is easily verified that
Lo(a,n) C Lo(a—1,n), 1<a<n. (2.1)

By L(A) we denote the L-characteristic of the operator A, that is, the
set of all pairs (1/p,1/q) for which A is bounded from L, into L.

Let a(r) be such that:

1) the function a*(r) = a(r=1), r > 0, a*(0) = hH(l) a(r~1) is continuously
differentiable up to the order [a] +2 on the interval [0, A1) for some A > 0,
and a*(0) = a(oc0) # 0;

2) the condition (1.2) is fulfilled.
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The case of such characteristics is covered by the following theorem.

THEOREM 2.1. Let 0 < o < n and a(r) satisfy conditions 1) and 2).
I. The imbedding

LIKY) D (Lala,n) \ [A, A, E]) U (A, A) (2.2)

is valid.
II. The set L(KS) does not contain the points lying:

1) on the segment [A, H| and above it;

2) on the segment [A’, H'] and to the left of it;

3) above the straight line B'B, if (n —1)/2 < a < n;
4) on the segment [O',0], if « = (n — 1)/2;

5) below the straight line A’A in the case, when a(r) stabilizes at the
origin as a Holder function, that is,

la(r) — a(0)] <c-rt, 0<r<n<A, (2.3)
for some \ > 0.

REMARK 2.1. We observe that
LK) = (La(a,n) \[A,AE))U (A A), if n=2 and 0<a<1/2
orn=3and 0<a<3/4,orn>3and 0 < a < (n—1)/4.

We consider below a characteristic of the form (1.3), where b(r) satisfies
the assumptions of Theorem 2.1.

As is easily seen, the condition (1.2) holds for a(r), if a/n < § < 1.
Therefore, the statements of Theorem 2.1 are valid for the operator K.
This condition is violated if 0 < § < a/n (see Remark 5.1). In the last case
the sets L(K$) and L(K}') may essentially differ from each other. This
is seen from the next theorem, which provides L, — Lg-estimates for the
operator K¢, where a(r) has the form (1.3) (see also Pictures 1-4). We

denote 261
_.|_ —
T = T=1(1,1- P = RYav— -

(3,0). T=(1.1-0) 2 t0),

= (1) = (0 D).
n—+1 n+1 n+1
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Qe Bin) = ((zg(a,m n (10,0, 7, M, T\ (T} U{TH) )\
\ [A’,A,E]) U (A, A).

THEOREM 2.2. Let 0 < a<mn,0< (< a/n.
I. The imbedding

L(KS) D Qa, B,n)

is valid.
II. The set K does not contain the points lying:

1) on the segment [A, H| and above it;
2) on the segment [A’, H'] and to the left of it;

3) above the straight line B'B, if (n—1)/2<a<n,3>a+1—n (for
a < n —1 this inequality is valid for every 3, 0 < f < a/n);

4) below the straight lines MT and MT', if 0 < a<n, 3>a+1—n;

5) below the straight line A’A, when b(r) satisfies (2.3), if 0 < a < n,
B>a+1—n;

6) outside the interval (B',B),if n—1<a<n,B=a+1—n;

7) on the straight line P'P and above it and also on the straight lines
B'B, A’A and between them, if n—1<a<n, 3<a-+1—n;

8) on the segment [0, 0], if a = (n—1)/2.

REMARK 2.2.  We observe that L(K§) = Q(a,5,n), if n = 2 and
0<a<l/2orn=3and0<a<3/4,orn>3and 0<a<(n—1)/4.

REMARK 2.3. Here we give two examples of essential differences be-
tween L(K) and L(K}").

l.Let n—1<a<n,=a+1—n. Asis seen from the statements I
and IT (item 6)), the set L(K ) contains the point D and does not contain
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the points of the set V' = (D, G', A’, A,G)U(A’, A), while VU{D} C L(K})
(see Picture 3).

2. Letn—1<a<n,0<pf <a+1—n. In accordance with the
statement II (item 7)), L(KZ) does not contain the set V' U {D}, while this
set is imbedded into L(K}') (see Picture 4). Moreover,

LIKg) N LK) =0,
if b(r) satisfies (2.3).

3. Preliminaries
3.1. Notation: S" ! is the unit sphere in R"; L, = Ly(R"); || fllp =
I fllz,; (Ff)E) = /n f(2)e®® dz is the Fourier transform of a function

f; S is the Schwartz class of rapidly decreasing smooth functions; Ry =
{¢: ¢ =Ff, f € L} is the Wiener ring. Following [3], we denote by
L} the space of distributions k& € S’ such that ||k x f|, < C||fllp, f € S,
the constant C' > 0 not depending on f; the Fourier dual space F(L}) is
denoted by M. The end of proof is denoted by 0.
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3.2. L, — L,estimates for the operator (1.1) in the model case
a(r) = 1.

In the case a(r) = 1 we write K& = K.

THEOREM 3.1. (see [9]; [8], Theorem 3.1) Let 0 < av < .
1. The imbedding

L(KY) D (Li(a,n)\ [A, A E])U (A A)

is valid.
II. The set L(K®) does not contain the points lying:

1) on the segment [A, H| and above it;

2) on the segment [A’, H'] and to the left of it;

3) above the straight line B'B in the case (n —1)/2 < o < n;
4) below the straight line A’ A

(see Pictures 1 and 2).
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3.3. On some oscillating p — ¢g-multipliers.

Let mif () = u(|[?)|¢]"e* ], b > 0, where u(r) € C®(RL), 0 < u(r) <
1, u(r) =0 for r <1 and u(r) =1 for r > 2.

THEOREM 3.2. ([5]) The following relations are valid:

1) mif € M§, p < qifand only if 1/p+1/q < 1,1/p—n/q < b—(n—1)/2
orl/p+1/qg>1,n/p—1/¢<b+(n—1)/2;

2) mbiGMf, l<g<ooifandonly if b—(n+1)/2> —1/q;
3) mi € M°, 1 <p<ooifandonlyif 1/p<b—(n—1)/2;

4) mF € M if and only if b > (n+1)/2.

3.4. Uniform asymptotic expansion for the Bessel function
Ju(2).

Let @ ={2€ C: 2| >n, |argz| < 0}, where n > 0 and § € (0,7/2).
Representing J,(z) as a linear combination of the Hankel functions Hj(tly)(z)

and H( )( ) (we take +v if v > —1/2 and —v otherwise) and applying the
results of [17, p. 220], we arrive at the equality

mz\~1/2 | _. al v) — )
Ju(z) = <7> e '? ZC 2+ Ry (2) |+
m=0

x (3.1
+e% <Z C,S;',)Jrz_m + R%L(z)
m=0

where C(()i 1 F(im/4)(2v+1)

REMARK 3.1. The remainders R} N, j[(z) are analytic in © and RE\Z) L(2) =

O(12/"N1), as 2] = o0 and (d/dz) R, (2) = O(|z/~¥179), |s] — oo in
any closed sector 2y C Q (see [10, p. 21].

3.5. Asymptotic expansion of certain integrals, containing an
oscillating exponent.

Direct analysis of the proof of the Erdélyi lemma given in [2, p. 95]
shows that the following lemma is valid.
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LEMMA 3.1. Let 8 > 0, f(z) € C™(]0,a]), m = 2N + 1 + [] and
fU(a)=0(j=0,1,...,m). Then

N-1
/:cﬂ_lf(a:)eﬂ)‘x dx = Z aiﬁ)\_(kJrﬁ) + W]j\,t’ﬁ()\), (3.2)
0 k=0
where f(k)(O)
afﬂ = (+i)P**T(B+ k) and
WO < S 0. forany A
N < snspr J=01,... forany > 1, (3.3)

the constants C*J not depending on .

COROLLARY 3.1. Let the conditions of Lemma 3.1 be fulfilled for N = 1.
Then |§|*F1W7(¢]) € ME, 1 < p < oc.

The statement of Corollary 3.1 is derived from (3.3) by the direct ap-
plication of the well-known Mikhlin theorem (see [15, p. 152]).

We also need the following lemma.

Let 0(s) € C(RL) be such that 0 < 6(s) < 1, 6(s) =0, if s < 1 and
0(s)=1,if s > 2.

LEMMA 3.2. ([4]) Let A € C. For e > 0, set

o0

Ine(t) = (QW)”/Q(S)SAeiStES ds.
0

Then Jy(t) converges, as € tends to zero, uniformly in |t| > 0 for every
d > 0, and the resulting function Jy(t) = liH(l) Jre(t) has the following
e—

estimates:
AN 0)TA (1), ANA—1,-2,...,

t) = ~
2\ { AW ANAT It +40) + A (1), A= -—1,-2,...,

where J}(t) is smooth on R and Ay, A, and A are constants depending only

on A (AA = (2m) e TID(14N), A = <2W)HW6?<M>,
n_ I _ T'(2)
x = —(2m) (S (2) = )

L) =0(t|™) as t—oco forevery M > 0.

and
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We note, that Lemma 3.2 provides the asymptotic behaviour of Jy(t),
ast — 0.

4. Some auxiliary statement

We need the following theorem (see also Pictures 1 and 2), providing
L, — Lg-estimates for the operator

ilt]
o e
(S%p)(z) = / |t|niag0(x7t) dt. (4.1)
[t|>A
THEOREM 4.1. Let 0 < o < n.
I. The imbedding
L(SY) D La(a,n). (4.2)

is valid.
II. The set L(S%) does not contain the points, lying:

1) on the segment [A, H] and above it;
2) on the segment [A', H'] and to the left of it;
3) above the straight line B'B in the case (n —1)/2 < a < n;

4) on the segment [O',0], if « = (n — 1)/2.

P roof In the case a ¢ [;((ZJ:B, ”21), the imbedding (4.2) follows

from Theorem 3.1 due to the following facts:

1) As is easily seen, the L-characteristic of the operator
N etlt]
(HY)(z) = / W‘P(x —t)dt,

[t|<A

has the form
L(H™) =[O0, A", A, 0]\ ({A} U{A}).
2) The kernel of S* belongs to L, for all ¢ > n/(n — «).

Passing to the case a € [SEZ;B , ”51> , we prove first that S is bounded

in Ly for @ < (n —1)/2. With the aid of Lemma 3.2 it is not difficult to
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obtain the following representation for the symbol m,(|£|) of the operator
S in some neighbourhood of the unit sphere:

n—+1
2

ma(€]) = Ca(l — [€] +i0) T~ + U(lg]), if a- £ -1,-2,...,

n—1

ma(l€]) = CL(1—[¢)"z ~*+Cl(1— &))" T ~*In(1 — |¢] +i0)+
PVQED), it a- "= 1e

where U(I€)(V(I€]) = o(|L — €] ~®), as |€] — 1,

Co=—(m)™"

Moreover, m(|£|) is bounded outside of the mentioned neighbourhood.
From here we derive that m, € M3, hence, S is bounded in Ly. Applying

n(n—1) n—1

2(n+1)’ 2

the convexity arguments, we arrive at (4.2) in the case « € [

Let us prove the statement II. To prove 1) we consider the characteristic
function x(y) of the ball |y| < 1/10; x(y) € Ly, 1 < p < co. Evaluating the
integral
etlz—t|

e = [ d,

[t|]<1/10

|z — t|n—e

it is easy to show that [(S*x)(z)| > ‘x'%, as |z| — oo. Hence, S*Y ¢ L_n_.

This means that the points of the segment [A, H| do not belong to £(S%).
By convexity arguments we obtain 1). Then 2) follows from 1) by duality.

The statement 3) follows from the correspondent statement of Theo-
rem 3.1.
Since the operator SnT_l is not bounded in Ls, because mn-1 ¢ MQQ (as
2

is seen from (4.3)), we obtain 4).
(]
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5. Proof of the main results

5.1. Proof of Theorem 2.1.

We represent the potential K¢ as follows

a([t])el
o = [+ [ ﬁﬁ?a¢0r—twu

t|l<A  |t|>A

= (Kg%0)(2) + (Kg>¢)(2).

(5.1)

The proof will be based on (5.1) and the following lemmas.

LEMMA 5.1. The imbedding
LEF?) (0,0, 4, A7\ ({A U {4} (5.2)
is valid. Besides this, the set E(Kff’o) does not contain the points of the set
[A", A, E|\ (A", A), if a(r) satisfies the condition (2.3).

Proof It is evident that the kernel k3™°(|t|) of the operator Kg°
belongs to L;. Indeed,

> T
a,0 _ -
Wam_/MW@ﬁ§C+/way@n
0 1

Therefore, K(?’O is bounded in L, 1 < p < o0.

On the other hand, the statement of Sobolev theorem is valid for Kg' 0,
Namely, this operator is bounded from L, into L,, 1 < p < n/a, ¢ =
np/(n — ap) and weakly bounded from L; into L_»_ (see [15], the remark

on the page 142). Hence (5.2) follows.
To prove the second statement of lemma, we represent the kernel k5" (|¢])
a(|t))(e™ —1) a([t]) —a(0)  a(0)
ke O(l¢]) = XA(\tDW—_a + xa(]t]) e + tro
xa(lt) —1

’t’nfa

as

+a(0) = k2D (t]) + kD () + k25 (1t]) + kL (1))

Applying the Sobolev theorem, we obtain that the kernels k:g‘lo and k:gQO
belong to L} in some trapezium, containing the set [0’, O, A, A’]. Moreover,
kY e LLif (1/p,1/q) € [A, A, E])\({A'}U{A}). Since k% € LY if and only
if 7(1/p, 1/q) € (A’, A), we obtain that the points, lying below the straight
line A’A, do not belong to £(K°).
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To arrive at the relation {A} & L(Kg ’0), we only have to apply Theo-
rem 3.3 from [5] to the kernel k3§(|t|) - kgf(]t!) Then {A'} & L(K2) by
duality. ]

REMARK 5.1. We note that condition (1.2) is violated for the charac-
teristic (1.3), if 0 < 8 < a/n. Indeed, kg® € LI, 1 < ¢ < n/(n — a) by
Lemma 5.1. On the other hand, the application of Theorem 3.3 from [5]
yields kg ¢ L9, if 1/(1 — §) < ¢ < n/(n — ); we obtain a contradiction.

LEMMA 5.2. The imbedding
L(K3™) D La(ayn), 0<a<n (5.3)
is valid.

P roof. First, let « # 1,2,... Applying the Taylor formula, we have
m=L ) ® (0
a(r) = (@) ™) +Rn(1/7), 7>A, m=la]+1

Correspondingly, Kz > ¢ can be represented as follows

m—1
(K= e)(x) =
k=0

where S®F were defined in (4.1) and

)0
WO sty @) + (g0, (5.)

R,
Tl = | ch(x—t)dt.

[t|>A

Since L(T2) = [0, 0, E] (the kernel of T2 is bounded and belongs to
Ly), the imbedding (5.3) follows from (4.2) for 0 < a < 1. In the case a > 1
we also have (5.3) by virtue of (2.1) and (4.2).

Leta=/¢,¢0=1,...,n—1, then

-1 a* (k) a* 0
(k=)@ = 3 O 550y @) + O (00) ) 1 (@) @),
k=0

Imbedding (4.2) yields,
Lol —k,n) C L(SF), 0<k<i-1. (5.6)
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We also note that
ﬁ(T;+1) = [0/707E]' (57)

Besides this, the operator

o)) = | Mele=1)

t]"
[t|>A

is bounded from L; into Ly, 1 < ¢ < oo. Moreover, it is bounded in L,
1 < p < oo (see [16, p. 394]). Interpolating, we obtain that

L£(8% > [0,0,E]\ ({0} Uu{0}). (5.8)

From (5.6)—(5.8) we obtain (5.3). [

Let us prove Theorem 2.1. In view of (5.1), the validity of (2.2)
follows from Lemmas 5.1 and 5.2.

Passing to the proof of part II, we note that the statements 1) and 3)
follow from the corresponding results of Theorem 4.1 in view of (5.4) and
(5.5). Then 2) follows from 1) by duality.

To prove 4), we only have to note that the operator S "3 is not bounded
in Lo, as is seen from (4.3), while all the other operators on the right-hand
sides of (5.4) and (5.5) are bounded in this space.

Finally, 5) follows from the second statement of Lemma 5.1, since the
points, lying below the straight line A’A, belong to £(Kg™). [

5.2. Proof of Theorem 5.2.

The proof is essentially based on the fact that we succeeded to construct
the L-characteristic of the operator M{? with the kernel

X(thu(ft)(1 = [t +40)°~, 0< B <1,

where u(r) = d(r)e™” /r"=, d(r) and x(r) were described above (after equal-

ity (1.3)).
Denote
A(B,n) =10",0,T, M, T'|\ {T'} U{T}).

The following lemma plays a crucial role in the proof of Theorem 2.2.

LEMMA 5.3. Let 0 < 8 < 1. Then

L(M]) = A(B,n).
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Proof Wehave

(M) () = / " / a(lt) (1~ Jt] + 10)"Lp(x — 1) dt

1/2<]t|<1  1<]¢|<3/2
= (M) (@) + (M) (2).

The symbol of the operator ME 1 can be written in the form
1

m}a,u(ﬁ)Z/Pnl(l—p)ﬁIU(p)dp / €9 do.

1/2 Sn—1
Consider the correspondent multiplier operator
(NSl (2m)~ /mﬂu fe @Ede, pe 8.
Evidently,
(M) (@) = (NP1 o) (), (5.9)

p € 5. We prove that
Av(B,n) C LN, (5.10)
where
A1(B,n) = A(B,n) \ ({0} U{O})

(the imbedding (5.10) means, that the operator M can be extended to a
bounded operator from L, into L, if (1/p,1/q) € A1(B,n)).

Let v(r) € C(RL) be such that v(r) =0, if r < 1, v(r) = 1, if r > 2
and 0 < wv(r) < 1. Then

mp (€)= (1= o(|€*))mb,(€) + v(€[*)m , (&) = m", (&) + mgT (€).

It is evident that mﬁ0(§) € MJ, 1 < p < q < oo; consider mﬁ’ °°(¢). The
application of formula (25.13) from [12, p. 485] yields

(2m)" v (€]*)

1
e [ 020 0 o) T ol do

1/2

myo(€) =

Making use of formula (3.1) with
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N = ["T'H] + 2, we obtain

N
=Y (WPl + YT (ED) + RYN (e + RPNV (gD, (5.11)
k=0

where

1
Ve, V(€ n—-1 i
e = e ,n(l'jk) [ =07 Fulpeel g,

172 '
0<k<N, 74+= (QW)%€¥%("_1),

1
RV (1) = ”NT,*“('{') J R e R

The application of Theorem 8.2 from [13] yields R? NE(I¢]) € Ro. Moreover,
RP™M*(l€]) € Ly, hence, RPN € M, 1< p < g < .
Consider hf D% (1¢]). After the change of variable 1 — p = 7, we have

1/2

1/2
+i|€| net .
hﬂ 0, i(|£|) 0, ieg n 11(|£| ) /7_,8—1(1 _ T)T’U,(l _ T)E:FZ'E‘T dr.

.

Let w(r) € C*®(RY) be such that 0 < w(r) < 1, w(r) = 0, if 7 > 1/2 and
w(r) =1, if r <1/4. Then h?’o’iﬂﬂ) can be represented as follows

RYOE (€l = RYDE(ED + RS (€D, (5.12)
where
il€] 4 )
19 ) = 2= (D / (1= e (1 — () dr
" (5.13)
W9 (le)) = %ieﬂm” €1 / )7 u(1 — 7)eFw(r) dr.
0

(5.14)
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We rewrite (5.14) in the form

Yo, (|€|?)eF ¢!

hyy (e = K- () FE (5.15)
where
1/2
K*(€) = 16l° [ 7270 - 1) u(t - ) (r) dr
0

The second factor in the right-hand side of (5.15) belongs to My, if (1/p,1/q) €
A(f3,n), in accordance with Theorem 3.2. Moreover, K*(|£]) € M}, 1 <p <
00 by the Mikhlin theorem. Then AY5(¢]) € Mg, if (1/p,1/q) € A1(B,n).

As regards multiplier (5.13), after integrating by parts, we represent it
as a sum of the following terms:

¢l
orv(lg?)et

PEEETa 1<s<[n/2]+1, (5.16)
1/2
vro(|€?)e il
oo g(r)e™ " dr, (5.17)
1/4

where g(7) = (7711 — T)nT_lu(l — 1) /2H+D) 6% and v* being some
constants. Applying Theorem 3.2 to multiplier (5.16), we obtain that it
belongs to My, if (1/p,1/q) € [0’,0, E]. As is easily verified, the function
(5.17) belongs to Ro N Ly, 1 < p < 0o, hence, it is in My, 1 < p < ¢ < o0,
except for the case when p = 1 and ¢ = oco. From here we derive that
hf’?’i € M7, if 1 <p < q< oo, except for the mentioned case.

Then hy**(|¢]) € M, if (1/p,1/q) € Ai(B.n), by (5.12). Besides
this, WY ([¢]) € My, if (1/p,1/q) € [0',0,E]\ ({0'} U{O} U{E}) for
1<k<N.

Gathering the results, obtained for the multipliers on the right-hand
side of (5.11), we have

m5(e)) € MY, i (1/p,1/q) € Ar(B,n);

the imbedding (5.10) has been proved.

The equality (5.9) is extended by boundedness to the whole space Ly,
1 < p < o0, since the operators in both sides of (5.9) are bounded in L, for
such p. Hence,
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Ay (B,n) C L(MPY). (5.18)

We consider the operator M{". Its symbol m%u(\f |) can be represented
in the form

m?,(1€]) = qu%-Ejfﬂk+!ﬂ)+*ﬁ”(KD)+h§?+ﬂﬂ)+h§9_Oﬂ)
hﬁ0+ugn ey~ (I€)) + Ry (1€) + RN (€)),

where
3/2
mf;ﬁ(lﬁl)z(v(y§|2)—1)e”ﬂ/p Yp—1)"u(p) dp / ¢P69) 4o, (5.19)
1 Sn—l
Bk, _ zwﬁ’}/k :i:v<’§‘ )
e = e
3/2
X /(P — 1)1 T Ru(p)eF Pl dp, 1<k <N,
1
(5.20)
"y 271' ’Y v § il'ﬁ‘
nE0E(el) = —emotoxtlé)e
[
1/2 (5.21)
x /Tﬂ—lu ) T u(l + )= (1 w(r)) dr,
0
v ile]
MR (e = e stEDe
[
1/2 (5.22)
X /Tﬂ_l(l—I—T)n;lu(l—i—T)eﬂngw(T) dr,
0
) 2
RENE(lg)) = _emﬁ')’N—H,:I:i_(Jﬂ )
€]
3/2 (5.23)

x/@—WHﬁ?w>ﬂmR<>ma>

1
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Analogous consideration of multipliers (5.19)—(5.23) leads to the imbed-
ding
Al(ﬁ? n) - E(N572)7

where N{*? is the multiplier operator with the symbol m% L&])- As above,
we have

A1(8,n) C L(MP). (5.24)

From (5.18) and (5.24) and the evident relations {O'} € £(Mf), {O} €
L(M{) we derive that

A(B,n) C L(MP). (5.25)
Let us prove sharpness of this result, that is, let us prove that
L(M]) = A(B,n). (5.26)

To prove this, we have to verify that the points, lying below the straight
lines n/qg=1/p— B and 1/¢ =n/p —n— B+ 1, as well as the points {T"}
and {T'}, do not belong to L(NZ) (hence, they do not belong to L£(M{)).
Direct analysis of the proof of the imbedding

A1 (B,n) € L(NY)

shows, that the picture of boundedness of the operator NE is determined
by the multiplier

us(1€) = h5 (&l + RS (€D + Aoy ™ (1€]) + o' (I&]).
This means that pg(|¢]) € My if (1/p,1/q) € A1(B,n), while all other
multipliers, considered above, belong to M}, if (1/p,1/q) € [0',0,E] \
({0} u{O} U {E}).
Thus, it suffices to prove sharpness of the result for this multiplier.
Keeping in mind (3.2), we represent u§(|§|) = hi’g’i(|§|) + hg”g’i(m) as
follows

2) il 2 . oF
i) = 22 EDE o | ooy yevirar - 702
€173 J
1/2 N
_ i) |o /Tﬁ+1f2(7_)eii|§r dr — Tg{g
0
v(|¢[?)et ]

+70.+(af 5 — agge” ™) :

g2+
(5.27)
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where fi(7) = (1 — 1) u(l — N)w(r), fo(r) = (1 +7)F u(l + 7)w(r),
aéﬁ = u(1)(+4)PT(B) # 0. Applying Corollary 3.1 to the expression in
the brackets, we obtain that it belongs to M}, 1 < p < co. Besides this,
Yav(|E?)e= e /|| T € M. if (1/p.1/q) € [0',0, E] by Theorem 3.2.
Hence, the first term on the right-hand side of (5.27) is in M, if (1/p,1/q) €
[07,0,E]\ {0’} U{0} U{E}). .
As for the second term, we note first that ag 53— aa ﬁe*“w = 0. Applying
Theorem 3.2 to the multiplier
a(B)v(|¢[*)e"
g7+

where a(f) = u(l)(ZW)%F(ﬁ)e_%(”_l) (eigﬁ - e_%”ﬁ) # 0, we come to
the desired conclusion. [

il

Returning to the proof of Theorem 2.2, we note that the statement
I of this theorem follows from Theorem 2.1 and Lemma 2.3.

Let us prove II. To prove 1), we may use just the same counter—example
as in the proof of corresponding statement of Theorem 4.1. Then 2) follows
from 1) by duality. As for 3)-7), they are derived from the statement II
of Theorem 2.1 (items 1)-3), 5)) and Lemma 5.3 by convexity and duality.
Finally, 8) follows from the statement II (item 4)) of Theorem 2.1 and the
fact, that the operator Muﬁ is bounded in L,, 1 < p < oo. n
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